Scattering Relativity in Quantum Mechanics by Shurtleff, Richard
ar
X
iv
:1
10
8.
26
20
v2
  [
ph
ys
ics
.ge
n-
ph
]  
6 J
ul 
20
15 Scattering Relativity in Quantum Mechanics
Richard Shurtleff ∗
October 11, 2018
Abstract
By adding generalizations involving translations, the machinery of the quantum
theory of free fields leads to the semiclassical equations of motion for a charged mas-
sive particle in electromagnetic and gravitational fields. With the particle field trans-
lated along one displacement, particle states are translated along a possibly different
displacement. Arbitrary phase results. And particle momentum, a spin (1/2,1/2)
quantity, is allowed to change when field and states are translated. It is shown that a
path of extreme phase obeys a semiclassical equation for force with derived terms that
can describe electromagnetism and gravitation.
Keywords: Special Relativity, Quantum Fields, Lorentz Force Law, Geodesics
PACS numbers: 03.70.+k, 03.65.Sq, 11.30.Cp,
1 Introduction
Quantum fields differ from quantum states. While fields are sums of the creation and an-
nihilation operators that add or remove states from multiparticle states, fields transform by
nonunitary representations (reps) of spacetime symmetries while states and their operators
transform with unitary reps.
In a way, states and fields differ somewhat like identical experiments in different labs,
say one in lab B and one in lab C. States and fields describe the same physical situation
but are somewhat isolated from one another. So, like experiments in labs B and C, there is
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some flexibility in the reference frames needed to describe the experiment. This is the idea
behind ‘scattering relativity.’
One can allowing states and fields to be referenced to different frames. Then the Lorentz
transformation from one frame to the other relates any boosts or rotations involved in the
description of the experiment. For the semiclassical results obtained here, this freedom is
not needed, but it is consistent with the underlying idea and will be kept as part of the
calculation.
If the experiment is moved from one bench to another in lab B and the experiment in lab
C is likewise displaced, it should not matter to the outcomes of these identical experiments
whether or not the displacements are equal. The relative locations of the equipment involved
matters, not where the entire experimental setup is placed. Likewise, it should not matter
that fields undergo a different displacement than states. We allow fields to be displaced by
a quantity b and states and their operators by a possibly different amount bS .
Arbitrary displacements bring arbitrariness to the phase, the scalar product of momentum
and location p · x. The arbitrariness is shown to introduce general relativistic aspects to the
motion such as local and general coordinate systems and Christoffel connections.
The analogy with experiments in labs B and C is not pushed too far. One follows the
analogy to generalize a standard process of determining fields. Since these are generalizations,
conventional results are the default.
Another generalization involves reps of translations for various spins. In particular mo-
mentum is a 4-vector, with spin (1/2,1/2), and can be changed under a translation by such
reps when the momentum is linked to a second rank tensor, with spins (0,0),(1,0), (0,1),
and (1,1). The linked tensor is arbitrary, an array of free variables to be constrained by the
assumptions. It turns out to be related to the electromagnetic field.
The results of the generalized calculation are evaluated by rudimentary methods ap-
propriate to the introduction of new ideas. Paths are deduced semiclassically by following
extreme phase.
Fields describing massive particles are sums of coefficient functions times operators. In
Sec. 2, the generalizations are applied to a conventional process that derives expressions for
the coefficient functions. We follow Ref. [1] closely. Paths of extreme phase are obtained
in Sec. 3 from the expression for phase in Sec. 2. In Sec. 4, parallel translations of the
spin (1/2,1/2) particle momentum are developed, making a momentum at an initial location
equivalent to a possibly different momentum at some other location. The parallel translation
of momentum is path dependent. In Sec. 5, the arbitrariness in phase accompanying the dual
displacements for states and fields is developed and is shown to describe curved spacetime.
The path of extreme phase obeys a semiclassical force equation that is shown in Sec. 6 to
correspond to the motion of a charged massive particle in a combined electromagnetic and
gravitational field.
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2 Field and State
This section supplies a derivation of some properties of the quantum field of a massive
particle species, following Ref. [1] closely. But fields are allowed to be transformed by reps
of translations. We do not agree that fields must be translation invariants.[2, 3]
The quantum field ψl(x) for a species of particles of mass m and spin j is constructed as
a linear combination of annihilation and creation operators, ψl(x) = κψ
+
l (x) + µψ
−
l (x). One
has an annihilation field ψ+ and a creation field ψ− given by
ψ+l (x) =
∫
d3p ulσ(x,−→p )aσ(−→p ) ,
ψ−l (x) =
∫
d3p vlσ(x,
−→p )a†σ(
−→p ) , (1)
where the repeated index σ is summed, aσ(
−→p ) and a†σ(
−→p ) are operators that remove or add
an eigenstate of momentum −→p and spin component σ. The spatial components −→p are free
while the time component of momentum, i.e. energy, is found from pt =
√
m2 −−→p 2.
The coefficient functions u and v are constrained by the ways quantities in (1) transform
under Poincare´ transformations to a new spacetime reference frame: (i) the operators a and
a† transform with a unitary representation (rep), (ii) the coefficients u and v are required to
be invariant and (iii) the quantum field transforms by a nonunitary rep.
We part company with Weinberg by scattering the spacetime transformations of fields
and states, using the equivalence of inertial frames to free the frame for fields from the frame
for states. The reference frame for the fields undergoes a Poincare´ transformation to a new
frame, while the frame for the states and operators is transformed to their new frame.
Let the reference frame of the fields be related to the frame for the states and operators by
a Lorentz transformation λ. The new frame for the fields is obtained by applying a Lorentz
transformation Λ, while the new state and operator frame is obtained with ΛS, where S
indicates ‘States’. Call the coordinates x for the field frame and xS for the state frame. We
have
x = λxS and x
′ = Λx = λx′S and Λ = λΛSλ
−1 . (2)
The similarity transformation λ relating ΛS and Λ means that they are equivalent transfor-
mations, but in different inertial reference frames.
That takes care of rotations and boosts, now for translations. When the fields are trans-
lated along the displacement b to get to their new reference frame, the states are translated
along some possibly different displacement bS .
The description of an experiment depends on relative coordinates in which any global
displacement, like b or bS, cancels out. Thus b and bS can be completely arbitrary. Instead,
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assume a functional dependence so that the displacement bS for the states depends on the
Lorentz transformation Λ, the event x, and the displacement of the field b.
bS = bS(Λ, x, b) . (3)
Conventionally, the two displacements would agree, i.e. bS → b.
Thus, for a Poincare´ transformation of the field ψ, the operators a and a† (and states)
transform by (ΛS, bS) = (λ
−1Λλ, bS(Λ, x, b)). The unitary transformation U(ΛS, bS) applied
to operators yields
U(ΛS , bS)ψ
+
l (x)U
−1(ΛS, bS) =
∫
d3p ulσ(x,
−→p )eiΛSp·bS
√
(ΛSp)t
pt
D
(j)
σσ¯ (W
−1)aσ¯(
−−→
ΛSp) , (4)
where the dot indicates the scalar product p ·x ≡ ηαβp
αxβ with flat spacetime metric η, D(j)
is a spin j unitary representation of rotations, W (ΛS,−→p ) is the Wigner rotation for ΛS :
k → p→ ΛSp→ k and k = (0, 0, 0, m). The coefficients u are invariant.
Contrary to the unitary transformation U(ΛS , bS) of operators, the fields transform with
a nonunitary rep D(Λ, b),
U(ΛS, bS)ψ
+
l (x)U
−1(ΛS, bS) = D
−1
ll¯
(Λ, b)ψ+
l¯
(Λx+ b) , (5)
where Λ = λΛSλ
−1 by (2) with λ the state frame to field frame transformation and Λx + b
is the location in the new field frame of the event x.
The expression for ψ− differs from the expression for ψ+ only by v for u, −i for i, and
D(j)∗ for D(j). It makes no sense here to write expressions for both; henceforth consider
mainly ψ+. The discussion is similar for ψ−, except for some special considerations with
D(j)∗, see [1] for details.
Not every Lorentz rep D(Λ, 0) can be matched with any Poincare´ rep D(Λ, b), which
includes a translation along b. There are some requirements.[4, 5] The nontrivial translations
sought here require reducible Lorentz reps D(Λ, 0). In standard notation, the spin of the
Lorentz rep D(Λ, 0) must be of the form (A,B)⊕ (C,D) with spins (A,B) linked to (C,D).
Spins (A,B) and (C,D) are linked when
(C,D) = (A± 1/2, B ± 1/2) . (6)
For example, the Dirac 4-spinor, spin (1/2, 0)⊕ (0, 1/2), has linked spins.
Following the conventional process, the confluence of unitary and nonunitary transfor-
mations of operators and fields in the sums (1) yields expressions for the coefficient functions
u(x,−→p ). The standard process is to write the fields on the left and right in (5) with the sums
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of operators in (1), transform the dummy variables −→p to
−−→
ΛSp, and equate integrands. One
gets
ei(ΛSp)·bS
√
pt
(ΛSp)t
Dll¯(Λ, b)ul¯σ(x,
−→p ) = ulσ¯(Λx+ b,
−−→
ΛSp)D
(j)
σ¯σ (W (Λs,
−→p )) , (7)
where the D(j) and D have changed sides to avoid the inverses seen in (4) and (5).
Both ul¯σ(x,
−→p ) and ulσ¯(Λx+ b,
−−→
ΛSp) can be written in terms of the coefficient functions
at the origin x = 0. In (7) substitute Λ = 1 and b = −x, so that Λx + b = 0, ΛS = 1, and
W = 1. We get
ul¯σ(x,
−→p ) = e−ip·bS(1,x,−x)Dl¯l(1,+x)ulσ(0,
−→p ) . (8)
Then put Λ = 1, with x = Λ˜x˜+ b˜ and b = −Λ˜x˜− b˜, so that again we have Λx+ b = 0, ΛS
= 1, and W = 1. Drop the tildes. This gives
ul¯σ(Λx+ b,
−→p ) = e−ip·bS(1,Λx+b,−Λx−b)Dl¯l(1,Λx+ b)ulσ(0,
−→p ) ,
or, by resetting the momentum p, p→ ΛSp,
ul¯σ(Λx+ b,
−−→
ΛSp) = e
−iΛSp·bS(1,Λx+b,−Λx−b)Dl¯l(1,Λx+ b)ulσ(0,
−−→
ΛSp) . (9)
Substituting expressions (8) and (9) back in (7) and taking steps to put all x- and b-
dependence on the left side gives
e+iΛSp·[bS(Λ,x,b)−ΛSbS(1,x,−x)+bS(1,Λx+b,−Λx−b)]Dll¯(Λ, 0)ul¯σ(0,
−→p ) =
√
(ΛSp)t
pt
ulσ¯(0,
−−→
ΛSp)D
(j)
σ¯σ (W (ΛS,
−→p )) . (10)
The exponent on the left shows the derivation history with Λ = 1 and b = −x in bS(1, x,−x)
and Λ = 1 with b = −x = −Λ˜x˜− b˜ in bS(1,Λx+ b,−Λx− b).
Since x and b are confined to the left in (10), the function bS(Λ, x, b) makes the 4-vector
V (Λ, x, b) ≡ bS(Λ, x, b)− ΛSbS(1, x,−x) + bS(1,Λx+ b,−Λx− b)
independent of x and b. To do this, one can show that bS(Λ, x, b) must be in the following
form,
bµS(Λ, x, b) = b
µ
0 (Λ)− Λ
µ
S σ[A(x)]
σ
νx
ν + [A(Λx+ b)]µν (Λx+ b)
ν , (11)
where A(x) is an arbitrary second rank tensor field. By (11), we have
V (Λ, x, b) ≡ b0(Λ)− ΛSb0(1) + b0(1) ,
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which is independent of x and b, as was required. For simplicity, drop the constant, bµ0 = 0.
One recovers bS = b when λ = 1 and A is the identity, A
µ
ν = δ
µ
ν , where δ is one for equal
indices and zero otherwise. Also, note that bS depends on the values of the field A at both
x and Λx+ b, the old and the new coordinates of the event.
By the expression for bµS(Λ, x, b) in (11), we have b
α
S(1, x,−x) = −A
α
µx
µ. Then ul¯σ(x,
−→p )
in (8) becomes
ulσ(x,
−→p ) =
√
m
p t
eip·AxDll¯(L, x)ul¯σ(0,
−→
0 ) . (12)
To get to the rest momentum −→p =
−→
0 , which is the 4-vector k = (0, 0, 0, m), we considered
(10) with p = k and with ΛS = LS = λ
−1Lλ is a transformation taking k to p so that
W (LS,
−→
0 ) = 1.
Substituting (12) in the expression for ψ+l (x), (1) and the similar expression for vlσ(x,
−→p )
in for ψ−l (x), determines many aspects of the quantum field ψl(x). The complications of
further developments along these lines[1] are not followed here. Here we investigate the
effects of the arbitrary field A on the phase.
3 Paths of Extreme Phase
Paths with extreme phase are the most likely, since deviations from the path introduces
interference.[6] The most likely paths are expected to be the paths of particles in classical
mechanics. Successfully describing classical motion is a first step in quantum theory.
Consider intervals δx so short that A varies negligibly along δx. Also assume that p is
effectively constant along δx. Then the change in the phase Θ associated with a particle of
momentum p is, by (12),
δΘ = p · Aδx = ηαβp
αAβµδx
µ (13)
over such a displacement δx.
Let pˆ be the timelike unit vector p/m and let the spacelike unit vector pˆ⊥ have a null scalar
product with pˆ. Denote the magnitude of Aδx by δτ. In detail, ηαβ pˆ
αpˆβ = −1, ηαβ pˆ
α
⊥pˆ
β
⊥ =
+1, ηαβ(Aδx)
α(Aδx)β = −δτ 2. Thus, Aδx = δτ(coshφpˆ+sinh φpˆ⊥), and δΘ = −mδτ coshφ.
The extreme value of coshφ occurs for φ = 0, so the extreme value of δΘ is given by δΘextreme
= −mδτ, and one has
AαµδX
µ = Aαµδx
µ
extreme = m
−1pαδτ , (extreme δΘ) . (14)
The upper case δX = δxextreme indicates a path of extreme phase Θ. The extreme path occurs
when AαµδX
µ is parallel to the momentum p.
4 PARALLEL TRANSLATIONS 7
To find a finite path of extreme phase X(τ) continue by attaching a second δX, perhaps
for slightly different A and p, to the δX just found. The process forms a curve X(τ) of
extreme phase with Aαµ(τ) and p
α(τ) the values of A and p along the curve X(τ).
Indicating the derivative with respect to τ with a dot,
X˙ ≡ dX/dτ , (15)
(14) becomes
pα = mAαµX˙
µ . (Extreme phase) (16)
This equation relates the particle momentum p to the velocity, the tangent X˙, along the
path for extreme phase.
We can get ‘local coordinates’ ξ(x) if A is the transformation field
Aαµ =
∂ξα
∂xµ
. (Local coordinate transformation) (17)
A neighborhood of the event x0, x = x0 + δx, is mapped into a neighborhood of ξ(x0) by
ξα(x) = ξα(x0+δx) = ξ
α
0 +
∂ξα
∂xµ
δxµ = ξα0 +A
α
µδx
µ, where higher order terms in δx are dropped.
Not all tensor fields allow such an interpretation. The second order partials must com-
mute, ∂2ξα/∂xλ∂xµ = ∂2ξα/∂xµ∂xλ, or
∂Aαµ
∂xλ
=
∂Aαλ
∂xµ
. (Integrability conditions) (18)
These are integrability conditions when, as is assumed, the field A is a field of transforma-
tions.
By (16) and (17), the curve X(τ) transforms to the curve Ξα(τ) = ξα(X(τ)) of extreme
phase in coordinates ξ with
pα = mΞ˙α = mAαµX˙
µ , (19)
where uppercase Ξ(τ) denotes the path of extreme phase in local coordinates ξ.
4 Parallel Translations
Next the concept of parallel translation of the momentum is introduced to determine how
the momentum changes with location. Changing momentum with location alters the path
X(τ) of extreme phase.
Momentum is a 4-vector. Rotations and boosts mix the components of the 4-vector
by presumably familiar rotation and boost matrices, a spin (1/2, 1/2) representation of the
Lorentz group. See, for example Ref. [7] Chap. 10.
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It is less well known, but true nevertheless, that a translation can change the momentum
much as a rotation or boost.[4, 5] But, to do so, the momentum must be linked to another
object with a suitable spin. The rule, presented previously in (6), requires an object with
spin (C,D) to be linked to vector spin (A,B) = (1/2, 1/2) if C = A±1/2 and D = B±1/2.
Thus (C,D) ∈ {(0, 0), (1, 0), (0, 1), (1, 1)}, which is the spin composition of a second rank
tensor. Thus translation links the momentum to some second rank tensor T together making
a 4 + 16 = 20-component quantity Φ,
Φ =
(
pα
T γδ(Φ)
)
. (20)
Like A, T(Φ) is free, a collection of 16 free parameters, to be constrained as needed.
To generate the rotations and boosts of Φ, select a standard rep of the Lorentz group
with angular momentum and boost generators. The choice here is from Ref. [8],
Jρσ = −i
(
ησµδρν − η
ρµδσν 0
0 +ηργδσǫ δ
δ
ξ − η
σγδρǫ δ
δ
ξ + η
ρδδσξ δ
γ
ǫ − η
σδδρξ δ
γ
ǫ
)
. (21)
Then translations are generated with momentum matrices P µ,[9]
P σ =
(
0 P σ12
0 0
)
= i
(
0 π1δ
σ
γ δ
α
δ + π2δ
σ
δ δ
α
γ + π3η
σαηγδ + π4η
σρηακǫρκγδ
0 0
)
, (22)
where ǫ is the antisymmetric symbol and there are four constants πi because the transforma-
tion of a second rank tensor combines the four irreducible reps {(0, 0), (1, 0), (0, 1), (1, 1)}.
There is another set of matrices that change T(Φ) and leave p unchanged. But we don’t
want that. The momentum matrices, displayed above with only the 12-block nonzero, change
the four-vector momentum pα and leave the tensor T(Φ) unchanged. Keeping both blocks,
so both pα and T(Φ) change, makes the momentum matrices no longer commute, [P
µ, P ν] 6=
0, and translations would not commute, which is deemed unacceptable spacetime behavior
and violates the Poincare´ algebra.[1, 7] The needed momentum matrices are those in (22).
Since the momentum matrices P µ have nonzero components only in an off-diagonal block,
the product of any two vanishes, P µP ν = 0, and any function of the P µs that can be expanded
in a power series reduces to a linear function. Thus the translation matrix for a translation
along a displacement δx is
Q(δx) = exp (−iδxσP
σ) = 1− iδxσP
σ ,
where 1 is the 20× 20 unit matrix. The translation of a four-vector v α yields v′α, with
v′
α
= [Q(δx)]ασ v
σ = vα − iησµ(P
σ
12)
α
βγT
βγ
(Φ)δx
µ = vα + ησµT
ασδxµ , (23)
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where the tensor T is an abbreviation,
T ασ ≡ −i(P σ12)
α
βγT
βγ
(Φ) . (24)
Translation adds an inhomogeneous term Tδx to v. The added term is the same for any
4-vector v even if the components of v vanish. Also, translations are path dependent. A
large displacement is the result of various sequences of small displacements, so over finite
intervals the translated four-vector v′ may depend on path.
The question arises: What four-vector at x+ δx is equivalent to the four-vector at x? Is
it the four-vector with the same components or the translated four-vector? We assume it is
the translated four-vector, so that simple translation does not produce any innate change to
the four-vector.
Parallel Translation of a Four-Vector. The translated four-vector v′ is equivalent to the
original four-vector v.
The particle momentum is a 4-vector. The momentum at a nearby event that is equivalent
to the momentum at an original event should be obtained by parallel translation.
Dynamical Postulate. A particle in a given eigenstate of momentum p remains in eigen-
states of equivalent momenta as spacetime is translated.
The coefficient functions ulσ(x,−→p ) in (12) are referenced to the coefficient function at an
‘origin’ x = 0. Suppose the origin is on the semiclassical path of extreme phase X(τ). As the
particle moves along X(τ), its momenta change to equivalent momenta. The interval δX in
(14) for the extreme phase change δΘ = p · AδX is followed by the interval δX ′ obtained
for the extreme phase change δΘ′ = p′ · AδX ′ with the momentum p′ obtained by parallel
translation along δX, a special case of (23).
Therefore, the translated momentum p′ is
p′
α
= pα + ησµT
ασδXµ . (25)
Since the path X(τ) is a succession of intervals and the momentum is parallel translated
along each interval, the momentum is a function p(τ) of proper time τ, whose derivative with
respect to τ is determined by parallel translation (25) to be
p˙α = ησµT
ασX˙µ . (Parallel translation) (26)
The tensor T is a free parameter that is constrained by the other equations satisfied by the
momentum p and the path of extreme phase X. Equation (26) is the semi-classical equation
of motion.
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5 Curved Spacetime
Curved spacetime is a consequence of extreme phase and the fact that mass is the magnitude
of the momentum. Substitute the requirement of extreme phase p = mAX˙, by (16), into
the mass equation,
ηαβp
αpβ = −m2 , (27)
1
m2
ηαβp
αpβ = ηαβA
α
µA
β
ν X˙
µX˙ν = −1 .
By collecting some of the quantities together in gµν , one has
gµνX˙
µX˙ν = −1 , (28)
where the tensor field gµν(x) and its inverse are defined in terms of the tensor field A(x) by
gµν ≡ ηαβA
α
µA
β
ν and g
µν ≡ ηαβA−1 µα A
−1 ν
β , (29)
with gµσg
σρ = δρµ, as is easily verified. Since the flat spacetime metric ηαβ is symmetric, both
gµν and g
ρσ are symmetric. We call gµν the ‘curved spacetime metric’.
By (28), (29), and Ξ˙α = AαµX˙
µ from (19), one sees that
ηαβΞ˙
αΞ˙β = −1 , (30)
where Ξ(τ) is the path of extreme phase in coordinates ξ.
Because the metric in (30) is the flat spacetime metric η, the transformation A gives
locally flat spacetime coordinates ξ from curved spacetime coordinates x. It follows that gµν
is locally Lorentzian.
Having two metrics makes raising and lowering indices a possible source of confusion.
Thus raising and lowering indices is kept to a minimum and, when needed, the metric
involved is displayed clearly.
Furthermore, we can transform the path Ξ(τ) at the event O at τ = 0 to a frame so that
Ξ˙(0) has only its time component nonzero, Ξ˙(0) = (0, 0, 0, Ξ˙t0). Then, by (30), we have Ξ˙
t
0
= 1 and dΞt0 = dτ, so we are again justified in calling the quantity τ the ‘proper time’ along
the path X(τ) of extreme phase. The parameter τ is the time in a local Lorentz frame in
which the particle is momentarily at rest.
Turn now to the particle momentum. Define a 4-vector p¯µ(τ) by
p¯µ ≡ mX˙µ . (31)
By (28), one finds that
gµν p¯
µp¯ν = −m2 . (32)
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Thus the mass m is the magnitude of the momentum p¯ calculated with the metric g and we
see that p¯µ(τ) is the ‘curved spacetime momentum’ of the particle along the path X(τ) of
extreme phase. And pα is the flat spacetime particle momentum because of the flat spacetime
metric η in (27), ηαβp
αpβ = −m2. By (16) and (31), it follows that
pα = Aαµp¯
µ . (33)
Thus the flat and curved spacetime momenta are related by the same transformation A that,
by (19), relates the tangents of the flat spacetime and curved spacetime paths Ξ˙ and X˙.
6 Combined Electromagnetic/Gravitational Motion
In this section, the semi-classical equation of motion (26) is shown to describe the motion of
a charged particle in gravitational and electromagnetic fields.
The path of extreme phase Xµ is the ‘curved’ spacetime path because of the curved
spacetime metric g in gµνX˙
µX˙ν = −1, (28). And the momentum pα is the flat spacetime
particle momentum because of the flat spacetime metric η in the mass equation (27), ηαβp
αpβ
= −m2. Thus the equation of motion (26), p˙α = ησµT
ασX˙µ, mixes the flat spacetime particle
momentum pα and the curved spacetime path Xµ.
In (33), pα is expressed in terms of the curved spacetime momentum, pα = Aαµ p¯
µ, and by
substituting in the equation of motion (26), we can arrange to have an equation of motion
with the curved spacetime quantities p¯µ and Xµ. One finds that
X¨µ =
1
m
˙¯p
µ
=
1
m
A−1 µα ησνT
ασX˙ν −A−1 µβ
∂Aβν
∂xλ
X˙λX˙ν , (34)
where we used (16), pα = mAαµX˙
µ, to write p in terms of X˙.
The term quadratic in velocity, X˙λX˙µ, looks a bit like the acceleration in a gravitational
field. Write
A−1 µβ
∂Aβν
∂xλ
X˙λX˙ν =
1
2
A−1 νβ
(
∂Aβν
∂xλ
+
∂Aβλ
∂xν
)
X˙λX˙ν = CµλνX˙
λX˙µ , (35)
where C is given by
Cµλν =
1
2
A−1 µβ
(
∂Aβν
∂xλ
+
∂Aβλ
∂xν
)
. (36)
Clearly, the quantity Cµλν is symmetric in its lower indices, C
µ
λν = C
µ
νλ.
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We now show that C is indeed the Christoffel connection of the metric g. The Christoffel
symbol of the first kind is defined to be [10]
[µν, ρ] ≡
1
2
(
∂gµρ
∂xν
+
∂gνρ
∂xµ
−
∂gµν
∂xρ
)
.
By the definitions of Cµλν in (36) and gµν in (29), i.e. gµν = ηαβA
α
µA
β
ν , one can show that
[µν, ρ] = gρσC
σ
µν +
1
2
ηαβ
[
Aαµ
(
∂Aβρ
∂xν
−
∂Aβν
∂xρ
)
+ Aαν
(
∂Aβρ
∂xµ
−
∂Aβµ
∂xρ
)]
.
Looking at this, we see that C is the Christoffel connection when the terms in parentheses
vanish, i.e. when
∂Aβρ
∂xν
=
∂Aβν
∂xρ
.
But this is just the integrability condition (18) so that Aβν = ∂ξ
β/∂xν with Aβν transforming
coordinates x to ξβ(x) as in (17).
Thus, when A is a field of transformations to local coordinates, the quantity C is the
Christoffel connection of the metric g, [10]
Cσµν = g
ρσ [µν, ρ] =
gρσ
2
(
∂gµρ
∂xν
+
∂gνρ
∂xµ
−
∂gµν
∂xρ
)
. (37)
The ‘covariant derivative’ of X˙ with respect to τ is defined to be[8, 11]
DX˙µ
dτ
≡ X¨µ + CµλνX˙
λX˙ν . (38)
With this, the equation of motion (34) with (35) can be written as
DX˙µ
dτ
=
1
m
A−1 µα ησνT
ασX˙ν . (39)
The covariant derivative on the left has the same form in any coordinate system.
If the arbitrary tensor field T is chosen properly, one can have the term on the right in
(39) be the electromagnetic Lorentz force divided by mass m. According to Ref. [12], we
need T to satisfy
A−1 µα ησνT
ασX˙ν = qgσνF
µσX˙ν (40)
for a particle of charge q in an electromagnetic field F. Thus the tensor field T in (24) should
be
ησνT
ασ = qAαλgρνF
λρ . (41)
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The formula simplifies when the displacements b and bS for fields and states are equal, which
is the conventional assumption. By (11) and (29), that happens when Aαλ = δ
α
λ and gρν =
ηρν , so that T simplifies to T
ασ = qF ασ.
Now the equation of motion (34) is
DX˙µ
dτ
=
q
m
gσνF
µσX˙ν , (42)
which is the Lorentz force equation in curved spacetime.[12] This equation is covariant; it
has the same same form when the metric g is transformed to some other metric g′.[13]
Since (39) is covariant, it can be transformed from x-coordinates to local ξ-coordinates
via the transformation field Aαν = ∂ξ
α/∂xν . One finds that
Ξ¨α =
q
m
ηβκf
αβΞ˙κ , (43)
where Ξ¨α = dΞ˙α/dτ, Ξ˙α = Aαν X˙
ν , fαβ = AανA
β
σF
νσ, and we used gσν = ηαβA
α
νA
β
σ by (29).
While the fields f and F have been called the electromagnetic field in local and general
coordinates, it has not yet been shown that they must be antisymmetric. This will be
undertaken now.
Take the derivative of ηΞ˙Ξ˙ = −1, (30), with respect to proper time τ ,
0 = 2ηαβΞ˙
αΞ¨β =
2
m
ηαβΞ˙
αqησµf
βσΞ˙µ ,
so that, after multiplying by m/q,
0 = 2
(
ηαβΞ˙
α
) (
ηµσΞ˙
µ
)
fβσ = Ξ˙βΞ˙σ
(
fβσ + fσβ
)
,
where Ξ˙β = ηαβΞ˙
α. Thus f is antisymmetric along the path of extreme phase. Since fαβ =
AανA
β
σF
νσ, if f is antisymmetric, then F is antisymmetric as well,
fβσ = −fσβ and F µν = −F νµ . (44)
The antisymmetry of f and F adds evidence to their identification as the electromagnetic
field in local and general coordinates. The remaining problem of relating electromagnetic
and gravitational fields to sources may be treated elsewhere.
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